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Abstract
In the paper, two-parametric models of fractional statistics are
proposed in order to determine the functional form of the distribution
function of free anyons. From the expressions of the second and third
virial coefficients, an approximate correspondence is shown to hold
for three models, namely, the nonextensive Polychronakos statistics
and both the incomplete and the nonextensive modifications of the
Haldane–Wu statistics. The difference occurs only in the fourth virial
coefficient leading to a small correction in the equation of state. For
the two generalizations of the Haldane–Wu statistics, the solutions for
the statistics parameters g, q exist in the whole domain of the anyonic
parameter α ∈ [0; 1], unlike the nonextensive Polychronakos statistics.
It is suggested that the search for the expression of the anyonic dis-
tribution function should be made within some modifications of the
Haldane–Wu statistics.
1 Introduction
The possibility for particles in two dimensions to obey statistics dif-
ferent from both Bose and Fermi statistics was first demonstrated by
Leinaas and Myrheim in 1977 [1]. Namely, they showed that, due
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to topological peculiarities of the two-dimensional (2D) motion, an
exchange of two particles yields the wave-function phase change not
necessarily equal to ±1: ψ(x2, x1) = eipiαψ(x1, x2), where α can be
any number – hence ‘anyons’, the term coined by Wilczek in 1982 [2].
Following the discovery of the fractional quantum Hall effect [3],
several theories were proposed for this phenomenon. The models of ex-
citations with a fractional charge were applied in particular by Laugh-
lin [4], Halperin [5], Arovas et al. [6]. Anyons were considered as
possible candidates for the respective quasiparticles [5, 6].
The generalized Pauli principle suggested by Haldane [7] and sub-
sequent derivation of the distribution function in such a new statistics
by Wu [8] initiated studies of what became known as the fractional
exclusion statistics (FES). It appeared to describe the anyons on the
lowest Landau level [9], though no complete correspondence between
FES and the anyonic statistics can be established.
In recent years, some studies appeared with a prospect of future
experimental observations of anyons. In particular, an interference
pattern relevant to Laughlin quasiparticles was obtained by Camino
et al. [10]. Experimental setup to observe anyons in a system con-
sisting of a superconducting film on a semiconductor heterotransition
was suggested by Weeks et al. [11] and another one involving one-
dimensional optical lattices was proposed by Keilmann et al. [12]. Re-
cent developments in the field of anyonic and fractional statistics also
include studies of the so-called non-Abelian anyons [13, 14, 15] be-
ing the analogs of Green’s parastatistics [16] and applications of the
exclusion statistics to various systems, cf. [17, 18].
Description of anyons within the statistical mechanics cannot be
considered complete so far. Even a system of non-interacting anyons
is challenging due to the presence of statistical interactions [19]. The
issue of finding an expression for the distribution function in the any-
onic statistics is an open one: it is possible to establish some approx-
imate correspondences with several known fractional statistics types
using the second virial coefficient but all of them fail to catch already
the third virial coefficient correctly [20, Chap. 5]. A two-parametric
statistics can be an option providing a more accurate statistical me-
chanical model. It must be noted that two-parametric generalizations
of statistics are somewhat underrepresented in the literature. In most
cases, they are based on the so-called q-deformations of the commu-
tation relations between the creation and annihilation operators, cf.
[21, 22, 23, 24]. Some generalizations having common features with
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those considered in the present work were briefly discussed by Kani-
adakis [25], albeit from different grounds.
A two-fold modification of statistics applied in this paper is ob-
tained as follows. First, the counting of microstates is approached
either in a manner suggested by Polychronakos [26] or within the frac-
tional exclusion statistics by Haldane and Wu [7, 8]. This leads to a
functional form of the distribution function different from that in the
Bose/Fermi statistics and introduces one parameter into the model.
Next, a deformation of the exponential in the Gibbs factor is applied
giving a second statistics parameter. For this purpose, the Tsallis
q-exponential can be used. Indeed, the nonextensive statistical me-
chanics suggested by Tsallis [27] is applicable in particular to systems
with long-range interactions [28] – and there exists such a statistical
interaction in a system of anyons [2]. Note, however, that the de-
formation of exponentials is made here phenomenologically and the
so-called incomplete statistics [29, 30] is also considered.
2 Virial and cluster expansions
Let us first briefly recall the connection between the virial and cluster
expansions in statistical mechanics to be applied here for 2D systems.
With P being the pressure and T denoting the temperature (for
simplicity, Boltzmann’s constant is put equal to unity), the equa-
tion of state for a two-dimensional system in the low-density, high-
temperature limit can be written as the following virial expansion:
P
T
= ρ2
[
1 + b2 ρ2λ
2 + b3 (ρ2λ
2)2 + . . .
]
, (1)
where the two-dimensional density ρ2 = N/A with N being the num-
ber of particles and A standing for the area; b2, b3, . . . are the dimen-
sionless virial coefficients and λ is the thermal de Broglie wavelength
of a particle with mass m
λ =
√
2pi~2
mT
. (2)
On the other hand, the grand-canonical partition function Ξ can be
written as a series over the fugacity z = eµ/T , where µ is the chemical
potential, as follows:
1
A
ln Ξ =
∞∑
`=1
B`z`. (3)
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The coefficients B` are known as cluster integrals. They can be used
to calculate virial coefficients in view of the thermodynamic relations
linking the pressure and density with the grand-canonical partition
function, namely:
P
T
=
1
A
ln Ξ (4)
and
ρ2 =
N
A
= z
∂
∂z
(
1
A
ln Ξ
)
A,T
. (5)
After some transformations, the following relations for the virial coef-
ficients are obtained [31]:
b2λ
2 = −B2B21
, (6)
b3λ
4 = −2B3B31
+ 4
B22
B41
, (7)
b4λ
6 = −3B4B41
+ 18
B2B3
B51
− 20B
3
2
B61
, (8)
. . . .
Aiming to find an expression for the distribution function (occu-
pation number) of anyons nj , such that
N =
∑
j
gjnj , (9)
where the sum runs over all the energy levels with degeneracies gj , the
following equation is easily derived:
N
A
=
1
A
∑
j
gjnj =
∞∑
`=1
`B`z`. (10)
As the functional dependence of nj on the level energy εj is not known,
in the next Section several modifications of fractional statistics are
suggested and checked for the suitability to model anyons basing on
the expressions for the second and third virial coefficients.
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3 Modifications of statistics
Further in this work, the modifications of fractional statistics are based
on the following two general expressions. The first one,
nPj =
1
z−1X(εj) + Y
, (11)
generalizes standard Bose (Fermi) statistics determined by X(εj) =
eεj/T and Y = −1 (Y = +1) and the fractional Polychronakos statis-
tics with Y = −γ = const 6= ±1.
The second modification is represented by the Haldane–Wu statis-
tics with
nHWj =
1
w[z−1X(εj)] + g
, (12)
where the function w(ξ) is the solution to such a transcendental equa-
tion:
wg(1 + w)1−g = ξ, (13)
which is obtained using an expression for the number of microstates of
a quantum many-body system being a simple interpolation between
bosons and fermions [8].
Additionally to the γ parameter in the Polychronakos statistics
(11) and the g parameter in the Haldane–Wu statistics (12), a sec-
ond parameter can be introduced into the model by a deformation of
the exponential defining the X dependences in Eqs (11)–(12). Two
such deformations are considered in this work, namely, the Tsallis
q-exponential exq appearing instead of the ordinary e
x in the nonex-
tensive statistics and the change of ex to eqx known in the incomplete
statistics [29, 30].
While the deformation of exponentials in the Gibbs factor X =
eεj/T using the q parameter is made phenomenologically here, a phys-
ical motivation is provided for such a procedure as follows. A long-
range statistical interaction in the system of anyons [2] can contribute
to the nonextensivity, which is taken into consideration within the
Tsallis approach [27, 32]. On the other hand, some correspondence
between the incomplete and the Tsallis statistics can be established
[33].
The Tsallis q-exponential is given by [32]
exq = [1 + (1− q)x]1/(1−q) for 1 + (1− q)x ≥ 0 (14)
and exq = 0 otherwise.
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In the incomplete statistics, the normalization of probabilities pi is
given by [29, 30]∑
i
pqi = 1 instead of
∑
i
pi = 1. (15)
As it is easily seen, both cases reduce to standard exponentials when
q = 1.
The small-z expansions of Eqs. (11) and (12) are given by:
nPj =
∞∑
`=1
(−1)`−1Y
`−1
X`
z` =
1
X
z − Y
X2
z2 +
Y 2
X3
z3 ∓ . . . , (16)
nHWj =
∞∑
m=0
(−1)m Γ[g(m+ 1)]
m!Γ[g(m+ 1)−m]
zm+1
Xm+1
=
1
X
z − (2g − 1)
X2
z2 +
(3g − 2)(3g − 1)
2!X3
z3 ∓ . . . , (17)
cf. [34].
For simplicity, the summation over the levels
∑
j in Eqs. (9)–(10)
can be substituted with the integration over energies upon introducing
the density of states function G(ε), which for a 2D ideal gas of particles
having the mass m is G(ε) = mA/2pi~2 = const:∑
j
. . . =
∫ ∞
0
dεG(ε) . . . . (18)
Using different representations for the X function, cluster integrals B`
are then straightforward to calculate from expansion (16)–(17) giving
in turn virial coefficients by virtue of Eqs. (6)–(8).
4 Results
Incomplete Polychronakos statistics (IPS). For this type of statistics,
X(ε) = eqε/T , Y = −γ, yielding cluster integrals
B1λ2 = 1
q
, B2λ2 = γ
4q
, B3λ2 = γ
2
9q
, . . . (19)
and the second and third virial coefficients are
bIPS2 = −
γq
4
, bIPS3 =
γ2q2
36
. (20)
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Nonextensive Polychronakos statistics (NEPS). For this type of
statistics, X(ε) = e
ε/T
q , Y = −γ, yielding cluster integrals
B1λ2 = 1
q
, B2λ2 = γ
2(1 + q)
, B3λ2 = γ
2
3(2 + q)
, . . . (21)
and the second and third virial coefficients are
bNEPS2 = −
γq2
2(1 + q)
, bNEPS3 = γ
2q4
[
1
(1 + q)2
− 1
3q(2 + q)
]
. (22)
Note that this statistics in the limits of weak nonextensivity q → 1 and
γ → 1 can be applied to model a finite weakly-interacting Bose-system
[35].
Incomplete Haldane–Wu statistics (IHWS). For this type of statis-
tics, X(ε) = eqε/T , yielding cluster integrals
B1λ2 = 1
q
, B2λ2 = −(2g − 1)
2! · 2q , B3λ
2 =
(3g − 2)(3g − 1)
3! · 3q , . . . (23)
and the second and third virial coefficients are
bIHWS2 =
(2g − 1)q
4
, bIHWS3 =
q2
36
. (24)
Nonextensive Haldane–Wu statistics (NEHWS). For this type of
statistics, X(ε) = e
ε/T
q , yielding cluster integrals
B1λ2 = 1
q
, B2λ2 = −(2g − 1)
2(1 + q)
, B3λ2 = (3g − 2)(3g − 1)
6(2 + q)
, . . . (25)
and the second and third virial coefficients are
bNEHWS2 =
2g − 1
2
q2
1 + q
,
(26)
bNEHWS3 = q
4
[
(2g − 1)2
(1 + q)2
− (3g − 2)(3g − 1)
3q(2 + q)
]
.
To find the fractional statistics with the distribution function best
fitting to the anyonic statistics, the above expressions in each statistics
for b2 and b3 containing two parameters are equated to the respective
virial coefficients of anyons providing sets of two equations. The so-
lutions of these sets allow judging which of the analyzed models is
appropriate.
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The second and third virial coefficients of an ideal anyon gas are
given by [36]:
banyon2 = −
1
4
(1− 4α+ 2α2), banyon3 =
1
36
+
sin2 piα
12pi2
+ c3 sin
4 piα,
(27)
c3 = −(1.652± 0.012) · 10−5,
where the statistics parameter α ∈ [0; 1] interpolates between the Bose
statistics (α = 0) and Fermi statistics (α = 1). The above expression
for the second virial coefficient is exact while in banyon3 higher harmon-
ics (sin6 piα etc.) are neglected.
For the simplest of the proposed models, the incomplete Polychro-
nakos statistics, the solutions of
{
bIPS2 = b
anyon
2 , b
IPS
3 = b
anyon
3
}
exist
only in the trivial cases α = 0, 1 corresponding the Bose and Fermi
statistics, respectively.
A wider domain of the α values, but still not the entire [0; 1] seg-
ment, can be reproduced by the nonextensive Polychronakos statistics.
From (22) one can obtain the condition defining the unaccessible val-
ues of the anyonic statistics parameter α ∈ (α1;α2) as follows:
banyon3 (α1,2)
[banyon2 (α1,2)]
2 =
4
3
, (28)
which is derived as the q →∞ limit, giving
α1 = 0.109 . . . ; α2 = 0.584 . . . . (29)
The nonextensive Polychronakos statistics can thus be used to model
anyons on the bosonic side, 0 ≤ α < α1, and on the fermionic side,
α2 < α ≤ 1. The correspondence between the γ, q parameters and α
values is presented in Table 1.
The proposed modifications of the Haldane–Wu statistics appear to
suit the anyonic statistics better than that of the Polychronakos statis-
tics discussed above. In its incomplete version, see (24), very simple
relations of the statistics parameters g and q with α are achieved:
q =
(
1 +
3
pi2
sin2 piα+ 36c3 sin
4 piα
)1/2
,
(30)
1− 2g = 1
q
(1− 4α+ 2α2).
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In the nonextensive modification, see (26), the analytical expressions
are rather cumbersome but the links between g, q and α are easily
calculated numerically, see Figs. 1,2 for details. The correspondence
between the g, q parameters and α values in both IHWS and NEHWS
is shown in Table 1.
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Figure 1: The g parameter of the nonextensive Haldane–Wu statistics (cir-
cles) shown with the fitting function (solid line). The following simple poly-
nomial was used: f(α) = a1α + a2α
2 + a3α
3 + (1 − a1 − a2 − a3)α4 with
a1 = 2.21± 0.01, a2 = −2.26± 0.05, a3 = 1.88± 0.09.
The accuracy of the proposed models can be tested using the fourth
virial coefficient. For anyons, it equals [37]:
banyon4 =
sin2 piα
16pi2
(
ln(
√
3 + 2)√
3
+ cospiα
)
+ (c4 + d4 cospiα) sin
4 piα,
(31)
c4 = −0.0053± 0.0003; d4 = −0.0048± 0.0009.
This virial coefficient appears to have small values in the domain
−0.0006 < banyon4 < 0.0025.
In the incomplete Haldane–Wu statistics, bIHWS4 = 0 for all the
values of the statistics parameters. In the nonextensive modification,
−0.0003 < bNEHWS4 < 0.0014 being thus also a small number. How-
ever, the behavior of the fourth virial coefficient between the Bose and
9
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Figure 2: The q parameter of the nonextensive Haldane–Wu statistics (cir-
cles) shown with the fitting function (solid line). The following function
was fitted to the data for α ∈ [0; 0.5]: f(α) = 1 + b sink(piαs) with
b = 0.09096± 0.00009, s = 0.820± 0.001, k = 3.18± 0.02.
Fermi limits is not reproduced correctly in the proposed variants of
statistics, see Fig. 3. It means that the correspondence of the dis-
cussed two-parametric fractional statistics types with the anyonic one
is established only approximately, though with a better accuracy than
can be achieved in a one-parametric case.
5 Conclusions
In summary, two-parametric models of fractional statistics were con-
sidered in the work aiming to determine the functional form of the
distribution function of free anyons. Approximate correspondence was
shown to hold for three models, namely, the nonextensive Polychron-
akos statistics and both the incomplete and the nonextensive Haldane–
Wu statistics. The second and third virial coefficients were reproduced
correctly and the difference occurred only in the fourth virial coeffi-
cient, which leads to a small correction in the equation of state. For
the two modifications of the Haldane–Wu statistics, the solutions for
the statistics parameters g, q exist in the whole domain of the anyonic
parameter α ∈ [0; 1], unlike the nonextensive Polychronakos statistics.
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Table 1: Dependence of the parameters of the nonextensive Polychronakos
statistics, incomplete and nonextensive Haldane–Wu statistics on the anyonic
parameter α
α
NEPS IHWS NEHWS
γ q g q g q
0.00 1.00000 1.00000 0.00000 1.00000 0.00000 1.00000
0.01 0.91469 1.03299 0.01997 1.00015 0.01994 1.00006
0.05 0.56672 1.26962 0.09899 1.00371 0.09847 1.00161
0.10 0.11697 3.42415 0.19440 1.01441 0.19349 1.00758
0.20 — — 0.36681 1.05116 0.36709 1.03536
0.30 — — 0.50913 1.09485 0.50903 1.07051
0.40 — — 0.62401 1.12892 0.62325 1.08934
0.45 — — 0.67349 1.13840 0.67369 1.09008
0.50 — — 0.71898 1.14165 0.72115 1.08580
0.55 — — 0.76133 1.13840 0.76612 1.07765
0.60 −0.10436 4.06034 0.80117 1.12892 0.80869 1.06690
0.65 −0.30776 1.87929 0.83888 1.11397 0.84859 1.05479
0.70 −0.48484 1.43495 0.87448 1.09485 0.88532 1.04241
0.80 −0.76642 1.13091 0.93761 1.05116 0.94643 1.02020
0.90 −0.94088 1.02760 0.98304 1.01441 0.98618 1.00524
0.95 −0.98517 1.00664 0.99566 1.00371 0.99652 1.00132
0.99 −0.99941 1.00026 0.99983 1.00015 0.99986 1.00005
1.00 −1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
It seems thus favorable to search for the expression of the any-
onic distribution function within modifications of the Haldane–Wu
statistics. Possible generalizations can include in particular a differ-
ent definition of the q-exponential [38] and the κ-deformed exponential
[25, 39]. The analysis of q-deformed Fermi and Bose statistics [40, 41]
with further introduction of additional parameters is also feasible.
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Figure 3: The fourth virial coefficient of free anyons (solid line) compared
to that in the nonextensive modifications of the Polychronakos statistics
(dashed-dotted line) and Haldane–Wu statistics (dashed line).
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